Abstract-Based on a new variational method, an even-and oddmode analysis of transverse coupling slot between waveguides is presented. The proposed method is capable of dealing with slots of finite wall thickness. It uses multiple incident waves with symmetry to simplify the field distribution in the vicinity of the slot, enabling the adoption of one-expansion-term trial functions with sufficient accuracy, even in the instance of wide slots. Analytical solutions are provided, and the calculated results demonstrate excellent agreement with those of numerical simulation. The computation time with the new formulation is, however, significantly shorter.
I. INTRODUCTION
T RANSVERSE coupling slots in waveguides are widely used for applications, such as directional couplers and power dividers. Over the years, a variety of methods have been developed for analyzing the properties of slots in waveguides. In one approach, Stevenson [1] developed a rigorous method for calculating the scattering parameters of coupling slots near resonance. Later, Lewin [2] and Pandharipande and Das [3] proposed approximate methods based on similar ideas in which slots were treated as equivalent antennas. Sangster [4] applied a variational method to the analysis of single transverse slots, through which a good balance was achieved between accuracy and complexity. The most attractive advantage of the above methods is the existence of analytical solutions, which can be employed to provide a useful estimate before a more detailed analysis is undertaken. However, all the methods mentioned above assume a zero wall thickness, which limits their usefulness in some situations. For more detailed study, numerical techniques such as the method of moments (MoM) [5] - [7] , finite-difference time domain method [8] , [9] , the finite-element method [10] , and the mode-matching method [11] - [13] can be used to analyze slotted waveguide with finite wall thickness to great practical accuracy. Compared with approximate analytical methods, however, greater programming effort and computer execution time are required, which can be prohibitive for large-scale problems that may require adaptive optimization.
When the coupling slot is considered from the point of view of scattering in waveguides, most existing methods employ single wave incidence as a precondition for analysis [4] - [7] . For instance, the analysis of a slotted rectangular waveguide directional coupler is usually based on a single mode that is incident on one of the four ports. The slot properties can then be obtained by describing the field distribution in the vicinity of the slot, which is usually achieved by selected basis function expansion. Previous work has shown that this is an effective way of analyzing narrow slot problems. However, when considering wide slots, more expansion terms are required to represent the complex field distribution near wide slots. In this case, solutions obtained from the current analytical methods are often too complex to be practical. Therefore, their use is normally limited to narrow slots, usually with aspect ratio greater than 10.
Based on a variational method, an even-and odd-mode analysis is described in this paper, dealing with the problem of a wide transverse slot with finite wall thickness in the common broad wall of two rectangular waveguides. A general variational expression is first derived, which includes the effect of finite wall thickness. Multiple incident waves with specific symmetry, namely, even-and odd-mode incident waves, are then employed to simplify the field distribution in the vicinity of the slot, enabling the adoption of one-expansion-term trial functions with sufficient accuracy even for wide slots. Therefore, the method provides a useful analytical solution of scattering parameters for a thick or wide transverse slot in waveguide. This paper is organized as follows. In Section II, the theory is described, including the derivation of the variational expression, the selection of trial functions and solutions of scattering parameters. Computed results from this formulation are presented in Section III and these are compared with data obtained from HFSS. The results are also discussed in Section IV, which is followed by a conclusion in Section V. 
II. THEORY

A. Derivation of Variational Expression
The geometry of a transverse slot in the common broad wall of two rectangular waveguides is shown in Fig. 1 . For simplification, the original problem is transformed using the equivalence principle into an equivalent one through region division [5] , [7] . As depicted in Fig. 2 , the region division is performed by placing electric walls at boundaries and . Each electric wall is appended with two sheets on either side with magnetic currents and , where is the electric field on in the original problem, . Therefore, the slot area is divided into three regions. According to the continuity conditions for tangential component of magnetic field at and , two equations are obtained for waves incident at each port, which are (1) on and (2) on , where is the incident wave input from port and is the scattering wave in region generated by corresponding magnetic current at boundary . This latter magnetic field is represented by (3) where is the magnetic dyadic Green's function of region .
and are the unknown quantities of (1) and (2), which will be approximated by trial functions.
Performing the integration over after scalar multiplying on both sides of (1), and similarly over after scalar multiplying on both sides of (2), results in two equations containing vectors and , namely,
and (5) where (6) and (7) Combining (4) and (5), we obtain (8) where denotes the compound scattering parameter of the coupling slot with arbitrary incident waves, which will be discussed later. According to (8) , a general variational expression of stationary homogeneous form [4] , [14] for is given by (9) It is shown in Appendix A that (9) is stationary with respect to small variations in and . In this new expression, the effect of finite wall thickness is now included. It is also worth noting that (9) should be valid in the case of two uniform waveguides with arbitrary cross sections connected on their sidewalls through a single slot (aperture) with arbitrary shape if is replaced by the normal vector of the slot (aperture) boundary.
B. Trial Functions
Before discussing the trial functions that could be suitable for (9) in case of a wide transverse slot, consider even-and odd-mode incident waves specified in Table I for calculating different slot scattering parameters. We have used and to denote the normalized forward and backward traveling mode of waveguide ,
. Other scattering parameters can be obtained from those listed in Table I by employing symmetry and reciprocity of the structure, and are not considered here. Each mode consists of two or four symmetric incident waves input from different ports, resulting in symmetric and similar distribution of and . For instance, when calculating network scattering parameters and , such symmetry and similarity are shown in Figs. 3 and 4 , where only the -components of and are required because they predominate in this situation. The results shown in Figs. 3-5 were obtained from HFSS, with the dimensions of the waveguides and the slot set as mm, mm, mm, mm, mm, mm, and mm. The aspect ratio of the slot is 2.6 and the operating frequency is 14.25 GHz. A negative magnitude corresponds to the electric field with an opposite direction. In Fig. 3(a) , the phase values around mm are not provided due to the instability of calculation when the corresponding magnitude is close to zero. For comparison, the results with a single incident wave input from Port 1 are also given in Fig. 5 .
It is shown that the specified even-and odd-mode incident waves simplify the distribution of and , and thus enable the trial functions to have similar and simple forms with only one expansion term, which should be sufficiently accurate even in case of a wide slot. Hence, appropriate trial functions are proposed as follows for even modes: (10) (11) where the superscript and denote even and odd modes, respectively. and are arbitrary factors, which will be eliminated in (9) , . and are the complex scale factors between and corresponding to different modes specified in Table I , and this will be discussed in Section II-C.
C. Solutions of Slot Scattering Parameters
1)
and : Consider initially even-mode incident waves for calculating and , which are specified in Table I . Similarly, an additional superscript is employed in certain symbols to denote the even modes. Substituting (10) and (11) into (9), and given that , which indicates that , we obtain an expression of the compound scattering parameter with even modes, given as (14) where (15) and
The right-hand sides of (16) are obtained according to usual mode analysis [15] , as well as symmetry and reciprocity of the structure, which indicate that and . The scale factor is obtained by minimizing (14) . Expressions for , , , and are listed in Appendix B. Given that , and combining (16) and (8), we obtain (17) We see that the compound scattering parameter, , is a linear combination of and . In the same way, use is made of odd-mode incident waves for calculating and , as indicated in Table I . Similarly, an additional superscript is employed in certain symbols. Substituting (12) and (13) into (9) gives the compound scattering parameter for odd modes as (18) The scale factor is obtained by minimizing (18) (14) and (18), respectively.
2) and : In the same way, we obtain
where the incident waves are chosen as shown in Fig. 6 shows the calculated results of , , , and for a coupling slot with an aspect ratio of 2.6, which was previously discussed in Section II-B, for the frequency range from 12 to 18 GHz. Results obtained from the new formulation are in excellent agreement with HFSS where the error is within about 0.2 dB and 2 for all scattering parameters, as shown in Fig. 6 . The error is seen to increase to around 0.3 dB and 6 for at the lowest frequencies in the band.
In Fig. 7 , results are given for another slot with an aspect ratio of 2, this time in -band. Although has a magnitude error up to 0.3 dB, , , and are of acceptable accuracy and the overall errors are within 0.1 dB and 3 . Characteristics of the error of and are similar to those of and . In Table II , we compare the computation times of the two methods for obtaining the results shown in Fig. 6 . The operating computer has a dual-core CPU running at 2.80 GHz and a RAM of 4 GB. Since the MATLAB code was not developed for parallel processing purposes, only one processor was used during the computation. However, the new formulation is still much faster than HFSS with two processors employed, saving over 99% of the computation time. 
IV. DISCUSSION
It is found that for a relatively short slot in terms of wavelength, accurate results for may not be achievable. The reason is because in the simplification of the trial functions the -component of is ignored. For a short slot with mm (0.38 at center frequency of 14.25 GHz, where denotes the wavelength in open space), the normalized magnitudes of the -and -component of with even mode incident waves are given in Fig. 8 . In this situation, it is seen that the -component has now become significant, which also occurs when considering . It is believed that the method would provide better results if more appropriate trial functions were employed for even modes, e.g., . However, introducing the -component in trial functions will significantly complicate the solutions, and thus is not considered further here. With the presently chosen simple shape function there is a restriction on the slot length, which is (36)
In addition, for best accuracy, the slot aspect ratio is recommended to be greater than 2.5.
For a multiple slots problem, the proposed method should be useful for providing an estimate before a more detailed analysis is undertaken. The scattering parameters that are obtained in Section II-C could be used to establish the equivalent circuit of an isolated slot, generally as a network with a series element. The problem, e.g., a waveguide coupler with multiple slots, can then be considered as equivalent to a cascaded circuit and solved initially. To deal with the external mutual coupling between the slots, mutual impedances or admittances of the slots could be calculated [16] , [17] , possibly using the even-and odd-mode functions or other slot based functions, and applied to obtain the generalized scattering matrix [18] of the problem. Finally, a full-wave simulation or optimization could be carried out to achieve a more accurate result or an optimal design.
V. CONCLUSION
Based on a new variational method, an even-and odd-mode analysis of broadwall transverse coupling slot between waveguides is proposed, which is capable of dealing with the effect of finite wall thickness. A general variational expression of compound scattering parameter is first derived and simple trial functions are then determined from specified even-and odd-mode incident waves. Each mode consists of two or four symmetric incident waves, enabling the adoption of one-expansion-term trial functions with sufficient accuracy even in the instance of wide slots. With the variational expression and corresponding trial functions, compound scattering parameters with respect to even-and odd-mode incident waves are acquired. Combining the results, analytical solutions of the slot scattering parameters are achieved, which should be useful for practical design and optimization. Calculated results demonstrate excellent agreement with those of HFSS with errors within 0.2 dB and 3 . The computation time is, however, significantly shorter than with HFSS. A restriction is proposed as to achieve such accuracy. The aspect ratio of slots can be as small as 2, but it is recommended to be greater than 2.5. For a multiple slots problem, the proposed method could be used to provide a useful estimate before a more detailed analysis is undertaken. It is believed that by employing more appropriate trial functions with corresponding simplification of the formulas may help to solve the limitation of short slots (in terms of wavelength), which could be followed up as a refinement of the method.
APPENDIX A Here we demonstrate the stationary nature of the variational functional (9) . Taking the first variation on both sides of (9) with respect to , we have
According to (8) , (37) can be simplified as
It is easy to find that (39)
and (43) Substituting (39)- (43) into (38), we obtain (44)
According to (1) and (3), (44) finally becomes
In the same way, it can be found that
Equation (45) and (46) indicate that (9) satisfies stationary properties with respect to small variations in and .
APPENDIX B
Listed here are the useful expressions obtained from the proposed even-and odd-mode trial functions. Note that and ( and , ), which are in the form of summation of an infinite series, converge at the speed of or . Typically 60 terms should be enough for their evaluation.
Even modes,
Odd modes,
In the above expressions,
is the angular frequency, is the permittivity, is the wavenumber, and is the wave impedance.
